The reduction approaches are presented for vibration control of symmetric, cyclic periodic and linking structures. The condensation of generalized coordinates, the locations of sensors and actuators, and the relation between system inputs and control forces are assumed to be set in a symmetric way so that the control system posses the same repetition as the structure considered. By employing proper transformations of condensed generalized coordinates and the system inputs, the vibration control of an entire system can be implemented by carrying out the control of a number of sub-structures, and thus the dimension of the control problem can be significantly reduced.
Introduction
There are many repetitive structures in aeronautic, astronautic, civil and mechanical engineering applications, such as mirror-symmetric structures (symmetric structures for short), cyclic periodic structures, linear periodic structures, and linking structures. Repetitive structures are assembled with identical sub-structures in accordance with specified regulations. All of the sub-structures possesses the same geometric shape, physical properties, boundary conditions, and mutual influence. Due to these characteristics of repetitive structures, the natural vibration, forced vibration and vibration control can be solved based on the information from one single sub-structure alone. Therefore, the cost of numerical analysis and (or) experiments can be dramatically reduced.
Numerous studies have been made on the natural frequencies and vibration modes of repetitive structures. For instance, Evensen [1] studied the vibration of symmetric structures.
Thomas [2] investigated the vibration of cyclic periodic structures. Cai, Chan and Cheung [3, 4] conducted a series of research on the vibration of cyclic periodic structures by means of the Utransformation. Wang and Wang [5, 6] developed a reduction approach for symmetric structures and linking structures.
To the authors' knowledge, the vibration control of repetitive structures has not been widely studied so far. Bryson and Wiesinger [7] provided an approach of a low order controller for vibration control of a circular flat plate space structure, in which a four-input four-output system was decoupled into four single-input single-output subsystems by utilizing geometric symmetry of the structure. The objective of this paper is to propose reduction approaches for vibration control of mirror-symmetric structures, cyclic periodic structures and linking structures. It is proved that the vibration control problem of a repetitive structure can be simplified into the vibration control problem of a number of sub-structures provided their generalized coordinate condensation, sensor and actuator locations, and relation between inputs and control forces also have the same repetitive properties as the structure itself. Therefore, the dimension of the control system can be greatly reduced.
Reduction Approaches for Vibration Control of Mirror-Symmetric Structures
When the geometric shape, physical properties (e.g., Young's modules, Poisson ratio and density) and boundary conditions of a structure are symmetric with respect to a plane, this structure is called a mirror-symmetric structure, or symmetric structure for short, while the plane is called the symmetric plane. The generalized coordinates set on the symmetric plane, in the left part and in the right part are denoted by vectors x 2 , x 1 and x 3 , respectively; whilst their dimensions are denoted by b, p and p, respectively. Then, the governing equation of motion under the action of control force is
where
T is a (2p + b)-dimensional generalized coordinate vector, u denotes the input to the system, Bu is the control force. If the locations and labeling of the generalized coordinate systems are symmetric with respect to the symmetric plane, the stiffness matrix K can be expressed in a special block form as
where the superscript T denotes the transpose of a matrix, and the superscriptT denotes the transpose of a matrix with respect to the second diagonal entities in the matrix, i.e., for a
Mass matrix M has the same form as matrix K in the above sense. When the actuators are located on the symmetric plane and in the left and right parts symmetrically, the input u of the control force consists of three components, i.e., two mdimensional vectors for u 1 , u 3 and one s-dimensional vector u 2 , namely,
T , with m ≤ p and s ≤ b. Assume that the control force generated by the input u has a symmetric property, namely, the real control forces B 11 u 1 , B 12 u 2 , B 13 u 3 , generated by the components u 1 , u 2 , u 3 upon x 1 are the same as those by S m u 3 , u 2 , S m u 1 , upon S p x 3 , and the control force by u 1 upon x 2 is the same as that by S m u 3 upon x 2 . Therefore, the control matrix is in the form of
where S p and S m are (p × p)-and (m × m)-matrices, respectively, as described in the expression (2) . In practice, it is difficult to implement the control high dimensional system since too many generalized coordinates need to be observed. Therefore, the high dimensional generalized coordinates of the structure, x, are often required to be condensed to a low dimensional argument y , which can be easily measured by properly installed sensors. There are r sensors on the symmetric plane and l sensors symmetrically located in each side of the symmetric plane, where m ≤ l ≤ p and s ≤ r ≤ b. The coordinates measured by those sensors are denoted by y 2 , y 1 and y 3 , respectively. Hence, the coordinates for the whole structure are expressed by y = [y 1 , y 2 , y 3 ]
T . To maintain the symmetry of the condensed system, the condensation relation is given as
Substituting Eq. (4) into Eq. (1) and pre-multiplying by C T on the both sides of the equation yield a (2l + r)-dimensional control system,
andK T 11 =K 11 ,KT 13 =K 13 ,K T 22 =K 22 .M has the same form asK. Thus,M ,K andB of the condensed system retain the feature of the symmetric system, similar to those displayed by the expressions (2) and (3).
To conduct a reduction approach for Eq. (5), take coordinate transformations:
where I l is an l-dimensional identity matrix. It should be noted that H
Substituting the expressions (7) and (8) into Eq. (5) and pre-multiplying it by
So far, the original (2l + r)-dimensional control system (5) has been reduced to one (l + r) dimensional system and one l-dimensional system.
If the generalized coordinates are not set on the symmetric plane, the reduction may be even simpler. In this case x 2 , u 2 , y 2 will be all 0 vectors, the expression (6) becomes
whereM andK are symmetric with respect to both the main diagonal and the second diagonal entities of the matrices. Transformations of Eqs. (7) and (8) lead to
Consequently, the control system is reduced to two l-dimensional control systems,
From the expressions (12) and (13) as well as Eqs. (14) and (15), the vibration control of a real system can be implemented by the following procedure: (i) By virtue of the expression (12), transform the observed signal, y = {y 1 , y 3 } T , of the whole system into q 1 and q 3 according to following formula:
(ii) Design feedback input v 1 and v 3 based on Eqs. (14) and (15) of the systems. (iii) Compose v 1 and v 3 to form the input of the whole system, u, according to the expression (13). Thus, the vibration control of the original system with 2l-dimensions can be implemented by controlling two systems, each with l-dimensions.
Reduction Approaches for Vibration Control of Cyclic Periodic Structures
A structure repeating with itself after a rotation of angle ψ = 2π/n around a line is called an n-dimension cyclic periodic structure. Such a structure is composed of n substructures whose shapes, physical properties, boundary conditions and mutual influences with other substructures are all identical. Let every substructure have p generalized coordinates with the same label order. Let the generalized coordinates of the ith substructure be x i , and
T be the generalized coordinates of the whole structure. The governing equation of the vibration of a cyclic periodic structure is given by
where K is a cyclic matrix,
with 
T is an n-dimensional vector. The relationship between u j and the control force of the substructures possesses cyclic periodic properties; that is, the control forces B 11 u 1 , B 12 u 2 , · · · , B 1n−1 u n−1 , B 1n u n generated by u 1 , u 2 , · · · , u n−1 , u n upon x 1 are the same as those generated by u 2 , · · · , u n−1 , u n , u 1 upon x 2 . This analogy can also be applied to the rest terms. Therefore, the control matrix has the following form:
For cyclic structures with a large number degree of freedom, condensation of its generalized coordinates is often needed. High dimensional generalized coordinates x are condensed into a low dimensional argument y, which can be observed by sensors more easily. To keep the condensed system remain as cyclic periodic, equal number (l) of sensors with the same type and location are mounted in every substructures. Denote the observed value of the ith substructure by y i , and that of the whole structure by y = [y 1 , y 2 , · · · , y n ]
T . The condensation relation is given as
. . .
Substituting this expression into Eq.(17) and pre-multiplying this equation by C T yield the equation of vibration control of (nl)-dimensional system, Mÿ +Ky +Bu = 0,
whereK,M , andB are all cyclic matrices, whileK andM are also symmetric matrices. By virtue of the properties of these matrices, and taking proper transformation, we can reduce the dimension of the system (21). The transformation is given as
where i= √ −1, ψ = 2π/n; matrix U 2 has the similar form as U 1 with the identity matrix I l being replaced by I m . It should be noted thatŪ
Substituting the transformations (22) and (23) into Eq.(21) and pre-multiplying it byŪ
Finally, Eq.(21) are reduced to n equations of vibration control of an l-dimensional system:
Denoting the real and imaginary parts of matrix in Eq.(26), the equation is recast into the following form:
For s = n and n/2 (if n is even), K s , M s and B s appeared in Eq.(27) are real matrices, and their imaginary parts are zero. For other values of s, K s , M s and B s are all complex matrices. However, since these three matrices with subscripts s and (n − s) are conjugate respectively, as seen in the expressions (24) and (25), the solutions to the sth and (n − s)th equations in Eq.(26) are conjugate, too; thus we have q n−s =q s , v n−s =v s .
Therefore, the original control system (21) with (nl)-degrees of freedom has been reduced to a control system (27) composed of one subsystem (or two subsystems) with l-degrees of freedom and (n − 1)/2 (or (n − 2)/2) subsystems with (2l)-degrees of freedom. Substituting q It is therefore suggested that the vibration control of the system (21) can be implemented by the following procedure: (i) By virtue of the expression (21), the observed signal y of the original system is separated into several subsystems according to the following expressions:
(ii) Inputs v r s , v i s are designed according to the subsystems (27). (iii) Inputs u of the system (21) are composed of v s according to Eq.(23). Consequently, the (nl)-dimensional control system (21) is reduced to control systems (27), which is one (or two) l-dimensional subsystem and (n − 1)/2 (or (n − 2)/2 for even n) (2l)-dimensional subsystems.
Reduction Approaches for Vibration Control of Linking Structures
A linking structure refers to an assembly of identical substructures forming a chain linking between two fixed ends. Each substructure of the linking structure is influenced only by its two neighboring substructures, and these two influences are symmetric. If p generalized coordinates at the same location in each substructure are taken as degrees of freedom, then the stiffness matrix of the whole structure composed by n substructures will have the block form:
Mass matrix M has the similar form as K.
When the actuators are placed at the same location in every substructure, the input of the system is u = [u 1 , · · · , u n ]
T . The m-dimensional component vector u j generates a control force B 11 u j for the jth substructure and a symmetric control force B 12 u j for the (j − 1)th and the (j + 1)th substructures, respectively. However, u j does not generate any control force acting on other substructures. Now the whole structure has (np)-degrees of freedom, and the equation of vibration control is given by
where B has the similar form with K in Eq.(28). Again, we condense the high dimensional generalized coordinates x into low dimensional argument y in order to make the control more practical. To keep the condensed system remain as a linking system, l identical sensors are placed in the same location of all the substructures. Denote the observed value of the ith substructure by y i , and that of the whole system is denoted
T . It is assumed that x i is condensed to y i only without any relations with other ys and the same condensing rule is applied through i = 1, · · · , n. Thus,
. . . 
whereM ,K andB have similar forms with K. Using the properties of matricesM ,K andB, and applying proper coordinate transformations, we can reduce Eq.(31) into n control systems with l-degrees of freedom. Let φ = π/(n+1), and apply the transformation
Here R 2 has the same form as R 1 except for I l being replaced by I m . Substituting Eqs.(32), (33) into Eq.(31) and pre-multiplying it by R T 1 yield
Therefore, the control problem of the system (31) with (nl)-degrees of freedom is reduced to that of n systems with l-degrees of freedom, i.e.,
The vibration control of the system (31) can be implemented by following procedure: (i) Using the expression (32), resolve the observed y of the whole system into q s according to the following expression
(ii) Input q s into the subsystems (34), design feedback input v s according to these subsystems. (iii) Compose u of v s according to Eq.(33), and take it as the input of the whole system.
Conclusions
Reduction approaches for vibration control of symmetric, cyclic periodic and linking structures are presented in this paper. Using the presented reduction method, the vibration control problem of an entire repetitive system can be reduced to several vibration control problems of its substructures whose dimensions are much lower than that of the original system provided that the distribution of its actuators and sensors have the same repetitive properties as the structure itself. Moreover, the procedures to implement the vibration control of symmetric, cyclic periodic and linking structures are also elaborated, respectively.
As a special example, consider a case in which every substructure has one sensor and one actuator. By means of the reduction approaches presented in this paper, for symmetric structures, a double-input double-output control system can be reduced into two single-input single-output control systems. For n-dimensional cyclic period structures, an n-input n-output control system can be reduced into one (or two, if n is even) single-input single-output control system and (n − 1)/2 (or (n − 2)/2, if n is even) 2-input 2-output control systems. For linking structures, an n-input n-output control system can be reduced into n single-input single-output control systems.
The procedures to implement the vibration control of real systems are also elaborated in this paper.
Some problems, such as the controllability, observability and system robustness problem caused by using the reduction approach, will be investigated in the future studies.
